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ÓÄÊ 511

Àííîòàöèÿ

Äîêàçûâàåòñÿ ãèïîòåçà Ðèìàíà î íåòðèâèàëüíûõ íóëÿõ äçåòà-ôóíêöèè.

Åñëè íåêîòîðîå êîìïëåêñíîå ÷èñëî s0 = σ0+ it0 ÿâëÿåòñÿ íåòðèâèàëüíûì íóë¼ì,
òî (σ0, t0) ÿâëÿåòñÿ ðåøåíèåì íåêîòîðîé ñèñòåìû äâóõ óðàâíåíèé äâóõ äåéñòâèòåëü-
íûõ ïåðåìåííûõ σ è t.

Èçó÷åíèå îäíîãî èç ýòèõ äâóõ óðàâíåíèé ïîêàçàëî, ÷òî îíî èìååò åäèíñòâåííîå
ðåøåíèå ïðè t = t0.

Èç ñâîéñòâà ñèììåòðè÷íîñòè íåòðèâèàëüíûõ íóëåé îòíîñèòåëüíî ïðÿìîé

Re s =
1

2
ñëåäóåò, ÷òî σ0 =

1

2
.

Êëþ÷åâûå ñëîâà: ãèïîòåçà Ðèìàíà; äçåòà-ôóíêöèÿ; íåòðèâèàëüíûå íóëè.

Abstract

The Riemann hypothesis on nontrivial zeros of the zeta function is proved.

If a complex number s0 = σ0 + it0 is a nontrivial zero, thån (σ0, t0) is a solution to a
system of two equations of two real variables σ and t.

Considering one of that two equations one can found that it has a unique solution at
t = t0.

As nontrivial zeros are symmetric about the line Re s =
1

2
it follows that σ0 =

1

2
.
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Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Ïóñòü s = σ + it � êîìïëåêñíàÿ ïåðåìåííàÿ, ãäå σ = Re s, t = Im s.
Äàëåå, x ∈ R - äåéñòâèòåëüíàÿ ïåðåìåííàÿ.
N0 - ìíîæåñòâî íåîòðèöàòåëüíûõ öåëûõ ÷èñåë.

Èçâåñòíî [1], ÷òî ïðè 0 < Re s < 1 äçåòà-ôóíêöèÿ Ðèìàíà ζ(s) ìîæåò áûòü
ïðåäñòàâëåíà â âèäå

ζ(s) = −s

+∞∫
1

−1
2
+ {x}
xs+1

dx+
1

s− 1
+

1

2
.

Çäåñü {x} îáîçíà÷àåò äðîáíóþ ÷àñòü ÷èñëà x.

Òàê êàê

s

2

+∞∫
1

1

xs+1
dx =

s

2

1

−sxs

∣∣∣∣∣
+∞

1

= − 1

2xs

∣∣∣∣∣
+∞

1

=
1

2
,

òî ïîëó÷àåì

ζ(s) = −s

+∞∫
1

{x}
xs+1

dx+
1

s− 1
+ 1. (1)

Âûâîä ôîðìóëû (1) èìååòñÿ òàêæå â [2].

Òîãäà íàõîæäåíèå íåòðèâèàëüíûõ íóëåé ôóíêöèè ζ(s) ñâîäèòñÿ ê ðåøåíèþ óðàâ-
íåíèÿ

+∞∫
1

{x}
xs+1

dx =
1

s− 1
. (2)

Èìåþò ìåñòî ðàâåíñòâà

1

xs+1
=

1

xσ+1
(cos(t lnx)− i sin(t lnx)) ,

1

s− 1
=

σ − 1

(σ − 1)2 + t2
− i

t

(σ − 1)2 + t2
.

Ïîýòîìó óðàâíåíèå (1) áóäåò ýêâèâàëåíòíî ñëåäóþùåé ñèñòåìå:

+∞∫
1

{x}
xσ+1

cos(t lnx)dx =
σ − 1

(σ − 1)2 + t2
,

+∞∫
1

{x}
xσ+1

sin(t lnx)dx =
t

(σ − 1)2 + t2
.

(3)

Êàê èçâåñòíî, íóëè äçåòà-ôóíêöèè Ðèìàíà ñèììåòðè÷íû îòíîñèòåëüíî âåùå-
ñòâåííîé îñè, ïîýòîìó äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé t > 0.
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Â äàëüíåéøåì èçëîæåíèè âñåãäà 0 < σ < 1, t > 0. Êðîìå òîãî, íåêîòîðûé
íåòðèâèàëüíûé íóëü s0 = σ0 + it0 áóäåò ñ÷èòàòüñÿ ôèêñèðîâàííûì.

Ãèïîòåçà Ðèìàíà óòâåðæäàåò, ÷òî âûïîëíÿåòñÿ ðàâåíñòâî σ0 =
1

2
.

Î ëåâûõ è ïðàâûõ ÷àñòÿõ óðàâíåíèé ñèñòåìû (3)

Ââåäåì ñëåäóþùèå 4 ôóíêöèè:

u1(σ, t) =

+∞∫
1

{x}
xσ+1

cos(t lnx)dx,

v1(σ, t) =

+∞∫
1

{x}
xσ+1

sin(t lnx)dx,

u2(σ, t) =
σ − 1

(σ − 1)2 + t2
,

v2(σ, t) =
t

(σ − 1)2 + t2
.

Òàêèì îáðàçîì, ñèñòåìó (3) ìîæíî çàïèñàòü â âèäå{
u1(σ, t) = u2(σ, t),

v1(σ, t) = v2(σ, t).
(4)

Åñëè s0 = σ0 + it0 - íåòðèâèàëüíûé íóëü äçåòà-ôóíêöèè, òî (σ0, t0) ÿâëÿåòñÿ
ðåøåíèåì ñèñòåìû (4) è, â ÷àñòíîñòè, óðàâíåíèÿ v1(σ, t) = v2(σ, t); â äàëüíåéøåì
èçëîæåíèè ôèêñèðóåì çíà÷åíèå t = t0 > 0. Äàëåå èçó÷àåì ïîâåäåíèå îáåèõ ÷àñòåé
èìåííî ýòîãî óðàâíåíèÿ. Èçó÷åíèå äðóãîãî óðàâíåíèÿ ýòîé ñèñòåìû ëîãè÷åñêîé íåîá-
õîäèìîñòè äëÿ äîêàçàòåëüñòâà ãèïîòåçû íå èìååò.

Ëåììà 1. Ôóíêöèÿ w = v2(σ, t0) ïðè ôèêñèðîâàííîì t0 > 0 âîçðàñòàåò êàê ôóíêöèÿ
îò ïåðåìåííîé σ.

Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü ëåììû ñëåäóåò èç íåðàâåíñòâà

dv2
dσ

= − 2(σ − 1)t0
((σ − 1)2 + t20)

2
> 0.

Ñëåäñòâèå. Èç ëåììû 1 ñëåäóåò, ÷òî âñå çíà÷åíèÿ ôóíêöèè w = v2(σ, t0) ïðè

σ ∈ (0; 1) ïðèíàäëåæàò èíòåðâàëó U =

(
t0

1 + t20
,
1

t0

)
.

Îïðåäåëåíèå 1. Ïðÿìîóãîëüíèê
{
(σ,w)

∣∣∣ σ ∈ (0; 1), w ∈ U
}
áóäåì íàçûâàòü êðè-

òè÷åñêèì ïðÿìîóãîëüíèêîì.
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Ðèñ. 1: Êðèòè÷åñêèé ïðÿìîóãîëüíèê

Äàëåå íàñ èíòåðåñóåò ÷àñòü ãðàôèêà ôóíêöèè v1(σ, t0), ëåæàùàÿ â ýòîì ïðÿìî-
óãîëüíèêå.

Îïðåäåëåíèå 2. Çíà÷åíèå ïåðåìåííîé σ, ïðè êîòîðîì ñîîòâåòñòâóþùàÿ òî÷êà
(σ, v1(σ, t0)) ãðàôèêà ôóíêöèè v1(σ, t0) íàõîäèòñÿ â êðèòè÷åñêîì ïðÿìîóãîëüíèêå,
áóäåì íàçûâàòü êðèòè÷åñêèì çíà÷åíèåì.

Òàêèì îáðàçîì, çíà÷åíèå σ0 ÿâëÿåòñÿ êðèòè÷åñêèì çíà÷åíèåì ïåðåìåííîé σ, ò.ê.
òî÷êà (σ0, v1(σ0, t0)) íàõîäèòñÿ â êðèòè÷åñêîì ïðÿìîóãîëüíèêå êàê òî÷êà ïåðåñå÷åíèÿ
ãðàôèêîâ ôóíêöèé v1(σ, t0) è v2(σ, t0).

Ïîñòðîèì ôóíêöèþ

v̂1(σ, t) =

+∞∫
1

1

xσ+1
sin(t lnx)dx.

Ëåììà 2. Ôóíêöèÿ v̂1(σ, t0) óáûâàåò ïî σ íà èíòåðâàëå (0; 1).

Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü ëåììû ñëåäóåò èç ðàâåíñòâà

v̂1(σ, t0) =

+∞∫
1

1

xσ+1
sin(t0 lnx)dx =

t0
σ2 + t20

. (5)

Îòñþäà ñëåäóåò, ÷òî ãðàôèêè ôóíêöèé v̂1(σ, t0) è v2(σ, t0) ïåðåñåêàþñÿ, ïðè÷¼ì

â òî÷êå ñ àáñöèññîé σ =
1

2
.

Äàëåå èññëåäóåì âîïðîñ î òîì, êàê ïåðåñåêàþòñÿ ãðàôèêè ôóíêöèé v1(σ, t0) è
v2(σ, t0).
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Ðèñ. 2: Ïåðåñå÷åíèå ãðàôèêîâ v̂1 è v2

Ðàññìîòðèì äðîáü k(σ) =
v1(σ, t0)

v̂1(σ, t0)
. Ñîãëàñíî ñëåäñòâèþ èç ëåììû 1 èìååò ìåñòî

äâîéíîå íåðàâåíñòâî
t0

1 + t20
< v2(σ, t0) <

1

t0
.

Èç ëåììû 2 ñëåäóåò àíàëîãè÷íîå íåðàâåíñòâî
t0

1 + t20
< v̂1(σ, t0) <

1

t0
. Èç ýòèõ

íåðàâåíñòâ ñëåäóåò îöåíêà
t20

1 + t20
< k(σ) <

1 + t20
t20

.

Òàê êàê v1(σ, t0) = k(σ)v̂1(σ, t0), ïîëó÷àåì òàêîå äâîéíîå íåðàâåíñòâî:
t20

1 + t20
v̂1(σ, t0) < v1(σ, t0) <

1 + t20
t20

v̂1(σ, t0).

Ñ ó÷¼òîì ðàâåíñòâà (5) ïîëó÷àåì
t20

1 + t20
· t0
σ2 + t20

< v1(σ, t0) <
1 + t20
t20

· t0
σ2 + t20

.

Èç ïîëó÷åííûõ íåðàâåíñòâ ñëåäóåò, ÷òî âñå çíà÷åíèÿ ôóíêöèè w = v1(σ, t0) ïðè

σ ∈ (0; 1) ïðèíàäëåæàò èíòåðâàëó U =

(
t0

1 + t20
,
1

t0

)
.

Äîêàçàòåëüñòâî ãèïîòåçû Ðèìàíà

Òåîðåìà. Åñëè äçåòà-ôóíêöèÿ Ðèìàíà èìååò íåòðèâèàëüíûé íóëü s0 = σ0 + it0,

ãäå t0 > 0, òî σ0 =
1

2
.

Äîêàçàòåëüñòâî. Êàê óæå áûëî çàìå÷åíî ðàíåå, èç ëåìì 1 è 2 ñëåäóåò, ÷òî ãðàôèêè
ôóíêöèé

w = v2(σ, t0) =
t0

(σ − 1)2 + t20
è w = v̂1(σ, t0) =

+∞∫
1

1

xσ+1
sin(t0 lnx)dx =

t0
σ2 + t20

ïåðåñåêàþòñÿ â åäèíñòâåííîé òî÷êå ñ àáñöèññîé σ =
1

2
.
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Ãðàôèêè ýòèõ ôóíêöèé íà ïëîñêîñòè (σ,w) ñèììåòðè÷íû îòíîñèòåëüíî ïðÿìîé

σ =
1

2
, òàê êàê èìååò ìåñòî ðàâåíñòâî

v1(σ, t0) =
t0

(σ − 1)2 + t20
= v̂1(1− σ, t0). (6)

Ðèñ. 3: Ãðàôèêè v̂1 è v2

Äîïóñòèì, ÷òî σ0 <
1

2
.

Èìååò ìåñòî ðàâåíñòâî v1(σ0, t0) = v2(σ0, t0) =
t0

(σ0 − 1)2 + t20
.

Èç ðàâåíñòâà (6) ñëåäóåò, ÷òî v̂1(1− σ0, t0) =
t0

(σ0 − 1)2 + t20
= v1(σ0, t0).

Êàê èçâåñòíî, â êîìïëåêñíîé ïëîñêîñòè (σ, t), åñëè òî÷êà s0 = σ0 + it0 - íåòðè-
âèàëüíûé íóëü äçåòà-ôóíêöèè, òî òî÷êà 1− σ0 + it0, òî åñòü ñèììåòðè÷íàÿ åé îòíî-

ñèòåëüíî ïðÿìîé Re s =
1

2
, òîæå ÿâëÿåòñÿ íåòðèâèàëüíûì íóë¼ì äçåòà-ôóíêöèè.

Ïîýòîìó ÷èñëî 1 − σ0 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ v1(σ, t0) = v2(σ, t0), òî åñòü
v1(1− σ0, t0) = v2(1− σ0, t0).

Íî âåäü v2(1− σ0, t0) =
t0

σ2
0 + t20

.

Ïîëó÷àåòñÿ, ÷òî îäíîçíà÷íàÿ ôóíêöèÿ v1(σ, t0) â òî÷êå 1 − σ0 ïðèíèìàåò äâà

ðàçíûõ çíà÷åíèÿ:
t0

(σ0 − 1)2 + t20
<

t0
σ2
0 + t20

. Ïðîòèâîðå÷èå.

Ïðîòèâîðå÷èå ïîëó÷àåòñÿ è â ñëó÷àå σ0 >
1

2
.

Îñòà¼òñÿ åäèíñòâåííûé âàðèàíò: σ0 =
1

2
.
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Ãèïîòåçà Ðèìàíà äîêàçàíà.

Ñëåäñòâèå.

+∞∫
1

{x}
x1.5

sin(t0 lnx)dx =
t0

0.25 + t20
.
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