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AnHoTarus

JlokazbiBaercsa runore3a Pumana 0 HeTPUBUAIBHBIX HYJIAX A3€Ta-(DYHKITAN.

Ecnn HekoTOpOEe KOMILIEKCHOE YHUC/IO Sg = 0¢ + ity sIBJsieTcd HEeTPUBUAIbHBIM
Hysiém, 10 (00, tp) ABJISETCH PEleHrneM HEKOTOPO# CUCTeMbl JABYX YDaBHEHUH JBYX
,Z[ef/.ICTBI/ITeJ'[bHLIX TTEPpEeMEHHBIX 0 " t.

N3zydgenne ogmoro m3 OByX ypaBHEHHI MMOKA3ajI0, 9TO €ro JIeBas YacTh HE BO3-
pacraet, mpaBas 9acTh Bo3pacraeT npu dukcupoBanuoMm t = tg > 0 xax dbyHKIUN
[IepeMeHHOM ¢ Ha MHOYKECTBE TaK HA3LIBAEMBIX KPUTHUYECKHX 3HAUYEHUN, 3HAUNT, Ha
«BBICOTE» T = t( 9TO pemrenue enMHCTBEHHO. M3 CBOMCTBA CHMMETPUIHOCTH HETPU-
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BHAJILHBIX HYJICH OTHOCUTE/IBHO HPAMON 0 = B CIeayer, 9To og = —.

2

KoaroueBsbie ciaoBa: runoresa PuMana, np3eta-pyHKIHs, HETPUBUAJIbHBIE HYJIH.

BBeneHnne m nmocraHOBKa 3a1a49N

[Iycts s = 0 + it — KOMILIEeKCHasI TiepeMenHast, 1j1e ¢ = Re s, t = Im s.
r € R - jelicTBUTEIbHAA TEPEMEHHAS.

Uspectno [1], uro npu Res > 0,s # 1 azera-dynknus Pumana ((s) MoxkeT GBITH
IPeJICTABICHA B BUJIE
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Torma HaxoXKAeHNe HETPUBUAMBHBIX Hyseil dyHKnnu ((S) CBOANTCS K PENIeHNI0 ypaBHe-
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MMeroT MecTO paBeHCTBA

1
= (cos(tlnzx) — isin(tlnx)),
xS :L’O'
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[Tosromy ypaBHenue 2 6yg1eT SKBHUBAJICHTHO CJieIyIolieil cucreme:
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xUJrl COS(t lﬂl')dil? = m,

t
/ ] Slﬂtln.’lf)dx:m.
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Kak wusBecTHO, Hysn j3era-pyHknuu Pumana cUMMeTPUYHBI OTHOCHUTEJILHO Bellle-
CTBEHHOW OCH, TIO3TOMY JOCTATOTHO PacCMOTpeTh ciydait ¢ > 0.

B nanpmeitmem uzoxkenun Beerna 0 < o < 1, ¢t > 0.

[lycth sy = 0¢ + ity - HEKOTOPBIf HETPUBUAJIBLHBIN HYTb.

1
['unore3a PuMana yTBep:K/1aeT, YTO BBITIOJTHIETCA PABEHCTBO 09 = 3

O JeBbIX 1 MPaBBIX YaCTIX yPaBHEHUIA CUCTEMBI 3

Brenewm cienyrornme 4 OyHKIUN:

- cos(tInz)dr,

w0

vi(o,t) :/ {i} sin(tIn z)dz,
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ualont) = RN
val0,t) = m'

Takum obpasoM, cucreMy 3 MOXKHO 3allUCATh B BUJIE

{ul(a, t) = us(o,t),

v1(o,t) = ve(o,t).



Puc. 1: ILnockocts t = ¢

$ = 0 + it ABJIAETCSI HETPUBUAJILHBIM HYJIEM A3eTa-(DYHKIMH TOTJIA U TOJLKO TOLJA,
Korja (o,t) sBIsieTCs pereHneM CucTeMbl 4.

B panbueiiiem u3sioxkenun pukcupyem 3nadenue t = tg > 0.

JIemma 1. Qynkyus w = ve(o,ty) 603pacmaem kak Gynryua om nepemennol o.

Joxazamesvcmeo. CupaBeyInBOCTD JIEMMbI CJIEIYET U3 HEPABEHCTBA

dUQ . 2(0' - 1)t0

2= 0
do @B+ (c—122

]

N3 gemmbl 1 caeayer, aro Bce 3Havenust GyHKuuun w = vqo(0o,ty) upu o € (0;1)

to 1
npuHaIexKaT naTepBaay U = ,— .
pHHAA i (1+t§ to)

Hpyrumu ciosamu, rpaduk GyHKIuu w = vy(0, tg) NEJUKOM JEKUT B HPAMOYIOJIb-
nuke I = {(a, w) ‘ o€ (0;1),we U}. Jlanee Hac mHTEpecyeT 4acTh rpaduka GyHKIUNA
v1(0, tp), JTekKaImast B 3TOM MPSIMOYTOJBHUKE.

Onpenenenune 1. Ilpamoyzorvrur 11 6ydem Haszvieams Kpumuyeckum npamoy2osbHu-
KOM.

3ameuanue 1. Kpumuueckue npamoy2oibHUKU 04eHb MOHKUE, UL UUPUHG PLEHG

1 t 1

- 5 = 5 Yoice OAA HEMPUGUANDLHOZ0 HYAA C CAMOT MANEHDKOT NOA0IICU-
meavrot MHUMOT yacmwio tg = 14.134725141... noaywaemea wupuna 0.0003523461812...

Onpegenenne 2. 3nauerue nepemerHoti o, NPu KOMOPOM COOMEEMCMEYIOULAL MOYKA
(o,v1(0,t0)) epadura Pynruuu vi(o,ty) HaTOUMCA 6 KPUMUUECKOM NPAMOY20ADHUKE,
bydem HA3BLEAMD KPUMUUECKUM 3HAYEHUEM.



Puc. 2: Kpurnyeckuii npgamMoyroaibHuK

Takum 06pa3oM, 3HAYCHUE 0( ABJIACTCS KPUTHIECKUM 3HAYCHUEM TTEPEMeHHOI o, T.K.
Touka (09, v1(00,%y)) HAXOAUTCS B KPUTHYECKOM TIPAMOYTOJIBHUKE; B TO YK€ BPEMs 5TO
ToYKa nepecedenus: rpadukos byHKuii v1 (0, tg) u va(o, to).

Ho Toraa ang o, mMeeT MecTo HEPaBeHCTBO

—+00

1
v1(00,t0) = / pes] sin(tgInz)dr =
1

to

— > 0.
o3 + t3

Boaee TOro, €CJju o - IIPpOUu3BOJIbHOEC KPUTHYIECKOEC 3Ha4YeHue, To, COIJIaCHO OIIPEeAe/ICHUIO,

t
’Ul(O',to) € ( 0

1+ 824

O6o3HaYuM

> ; B wacrnocru, vq(o,tg) > 0.

U(o,z) =

— sin(fo Inz).
xa'

Torma nmeer MecTo paBeHCTBO

vi(o,ty) = 7\11(0, x)d.

JIemma 2. Qynryua vi(o,ty) npu Purcuposanmnom ty > 0 ne 6o3pacmaem Ha MHOMHCECTNGE
KPUMUYECKUT 3HAYeHUT nepemerHol o.

Jokasamenvcmeo. Tlycrb o/ - HEKOTOPOE TOJIOKUTEJIBLHOE YHCJI0 TaKOe, YTO 0 + 0’ - KpH-
THYeckoe 3Hadenne. Hano nokaszars, 4o vi(o,ty) = vi(o + o, tp).

OdeBuaHO, YTO

1
V(o +0o' 2)= e U(o, ).

Torna

71
vi(o + o', o) :/—,\P(a,x)dx.
xo'

1

Tak Kak 0 U 0 + o' - KpuTHIecKue 3HaYeHust, T0 v1(0,tg) > 0 u vi(o + o’ ty) > 0,
HOITOMY JIJIsi HEKOTOPOro JIocTaTo4Ho Oosibmioro Xy u Jioboro X > X uMeoT mMecto
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HEPaBeHCTBA

X X
/\I/dex>01/1/i, (o,x)dx > 0.
1 1

Ham HY2KHO JOKa3aTb HEPpaBEHCTBO

X

/ ;T,\I/(a, )dz < /X (o, 2)dz. (5)

1

JlokazaTeabCTBO COCTOUT U3 JBYX dacTeil.

YHacts 1

O6oznaunm R[a, b] MmHO)KecTBO Beex QyHKIHMii, HHTErpupyeMbix mo PuMaHny Ha oTpes-
Ke [a,b].

Hawm Gyzer nosesna |2, ¢. 352]

Teopema (Bropasi TeopeMa O cpejiHeM i uaTerpaia). Ecau f,g € Rla,b] u g - momno-
mownas Ha [a,b] dynrkyus, mo natidémes mouka & € |a, bl maxas, wmo

£

jfmmwwxzmw/“ 2)dz + g(b jf
a 3

a

Tak kak pyHKIIA — MOHOTOHHO yOBbIBaeT 10 X, TO 1O BTOPOil Teopeme O CpejHeM

/

JUIst mHTerpada Haiinéres rouka £ = {(X) € [1, X] Takasg, aro

X
1

[ svoado = 448,
xU

1

€ X
rae y = %,A:A(f) :/\If(a,x)dxHB:B(ﬁ) :/\I/(J x)dx
1 3

dcno, yro 0 < v < 1,A+ B >0, A4+~vB > 0. [lpuctynum Teneppb K I0Ka3aTEIbCTBY
HepaBeHCTBA O M, TEM CaMbIM, JJeMMBbI 2.

IIpu ¢ = 1 monyuaercs A = 0, vo A +vB > 0, orkyna vB > 0,3uauut, B > 0,
nodromy vB < B, cjiejioBaTe/ibHO, HEPABEHCTBO O BEPHO.

Ecan € = X, 1o monywaercas B = 0, torna A + vB = A, 3naunt, HEPABEHCTBO 5
CIIPABEJJIMBO M B 9TOM CJIy4ae.

Iyers 1 < & < X.



Ecim A < 0, o B > 0, unaue 0b110 061 A + B < 0. B sT0M ciiyuae HepaBeHCTBO b
BBITTOJIHAETCH.

Paccmorpum Teneps ciay4dait A > 0. Ecou npu stom B > 0, To HEpaBeHCTBO 5 HMeeT
MeCTO.

Ocrancs cayuait A > 0, B < 0. Oka3bIBaeTcs, OH HEBO3MOKEH.

YacrTp 2

&
[Toctpoum na [1,£] byukmuo @ (z) = /\Il(a, x)dx + vB.

Tak kak ®1(1) > 0,P1(¢) < 0, cymecrsyer & € (1,£) rakoe, aro ®1(¢') = 0. Torma
X 34 3 3

1
/7qx(a,x)dx: /\Il(a,x)dx—l—/\lf(a, 2)dz 4B = [ U(o, :c)d:c—l—/\lf(a,a:)dx—i—'yB.

T

1 1 ¢ 1 ¢
X <I>1(27):0
DTO 03HAYAET, UTO
X ¢
1
[ veis = [ (o)), ©)
:EO'
1 1
IPH 9TOM
£
/ (o, 2)dz + 7B = 0. (1)
5/
X

PacemorpuM teneph dyHKIuo Po(x) = /\I/(U, x)dx.

T

Tak xak B < 0, To B < vB, oTKyAa cJemayeT, 9TO

£ ¢
@2(5’) = /‘I/<O', I)dl‘ + B < /\11(0'7 x)dx + fyB = 0.
& 2
Urak, $5(£') < 0, B 10 e Bpems Po(1) > 0, oTKyma ciaefyer, 4To CyIIeCTBYeT TOYKA
€ € (1,&) rakag, uto ®y(E") = 0.

Takum obpazom,

>

U(o,z)dx = 0. (8)
i

b
O6oznaanm I(a,b) = /\I/((T,[E)dl'.



Torpa 0 = I(£", X) = 1(¢",&') + 1(£, ) + I(§, X) =
I, €) 4+ 1(€,€) + 71(6, X) +(1 = 1)1, X),
=0
caepoaresnbro, (€7, + (1 —~)I(&,X) =0,
orciona caeayer, uro I(§", X) = 1(£",&) + (1 —9)1(§, X) +1(£, ) +71(£, X)),

:0

b's 3 b's
TO €CTh /‘I’(J, x)dr = /\IJ(J, x)dm+’y/\11(0, x)dzr = 0.
& ¢ 3
34 X
CrenoBaTenbHO, / / % (0,x)dx. Ho ¢ yuérom paseHcTBa 6 MOy Ya-
1 1

eM /\If(a, x)dr = /\If(a, x)dz, OTCIO/IA CJIe/yeT, 9TOo /\I/(a, x)dz) = 0.
1 1 &
£ ¢
C yuéroMm paBeHCTBa 7 HOJIyYaeM /\II(U, z)dr + B = /\II(J, x)dx + vB, "o Torma

3 134
B = vB, orkyna ciaeayer B = 0.

[TosrygaeTcss mpoTHBOpedne, TaK KaK MBI paccMaTpuBan caydait B < 0.
Mper pokasanu, aro caydaid A > 0, B < 0 HeBO3MOKeH.

Urak, jis jiodoro X > X 10Ka3aHO HEPABEHCTBO O, 3HAUUT,

X X

/ i/ (Uax)dxé/\ll(a,x)dx.

T
1 1

CrenoBaTeibHO, BEPHO HEPABEHCTBO

o0 o0

/xigq;(g z)dr < /\IJ(U, z)dz. (9)

Jloka3aTeabCcTBO runore3bl PuMmana

Teopema. Ecau dsema-dynruus Pumarna umeem nempusuaronulli nyiv So = og + ito,

ede tg > 0, mo o9 = —.
2

Zoxazameavemeo. HerpupuaabHblil HYIb n3eTa-QyHKIMKA SBASETCS PEIIEHUEM ypaBHe-
Husl 2, 3Ha4uT, napa (oo, ty) yJAoBaeTBopsier cucreme 4 U, B 4aCTHOCTH, BTOPOMY ypaBHe-
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HUIO 9TO¥ CHCTeMBI, & UMeHHO v (0, 1) = v3(0,t), TO eCTh COOTBETCTBYET TOUYKE Iepecede-
Hust TpadukoB GyHKIHi w = v1(0,ty) 1w = ve(0, o).

O6osHaunM wy = v1(0g, to) = v2(0g, o).

Cormacuo semme 2, rpaduk w = vy(0, ty) IpaBoil YACTH BO3PACTACT U IOJHOCTHIO
COZEPKUTCS B KPUTHICCKOM mpsiMoyrosbiuke. Coryacto jgemme 1, rpaduk w = vy (o, to)
JIEBOIT 4ACTH HE BO3PACTAECT BHYTPU KPUTUUECKOIO IPAMOYIOJbHUKA, 3HAYUT, 91U rpadu-
Ku uMeroT He Gojiee OJHON TOYKHM Iepecedenusi, NPUIEM TOJLKO BHYTPH KPUTHYECKOIO

npaMoyrobHIKa. Tak Kak rpaduku, Kak yKa3aHo BBITIe, TTEPECeKAITCsT B TOUKe (0, Wp),
TO 3Ta TOYKA ABJIACTCA €IUHCTBEHHON TOYKOHN IepecedeHnud.

Kax u3BecTHO, B KOMILIEKCHOM IJIOCKOCTH, €CJIU TOUKA Sg = 0g+1tg - HeTPUBUAJIbHBI
HYJIb 13eTa~pYHKIUN, TO TOUYKa 1 — 0+ ity, TO eCTh CHMMeTpUYHas eif OTHOCHTEILHO Mpsi-

Moit Res = 5» TOIKe ABIACTCA HOTPHBHAIBIBIM myném nzera-pynknun. IlosroMmy gumcio
1 — 0¢ aBssieTcs pererneM ypasuenust vy (o, ty) = va(o, ty).
O6osnaunm o1 = 1 — o9, w; = v1(o1,t9) = va(0o1,tp). CaenosaresbHo, ecau mpu
1
9TOM 0 # —, TO TOUKa (07, W) TOXKe SIBJIAETCA TOUKOI nepecederns rpadukos byHKIui

w = vi(0,ty) 1w = ve(o,ty) , OTIMUHON OT TOUKH (00, wo). Ho BeITIe GBLIO ycTaHOBJIEHO,
410 91U rpadUKU MOIYT [EPECceKaThCsl TOJIBKO B 0jiHOM Touke. [losrygaercs nporusopeyne,
1

CJIe0BATENBHO, 09 = 5 ]

I'mnoresa Pumana jgokaszana.
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